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Flight Test Results

The improved stability augmentation system was flight
tested in the January-August period of 1967 by both Boeing
and Air Force test pilots. The summary curve, Fig. 9, shows
the Dutch roll damping and frequency obtained with the pro-
totype system as well as the Dutch roll criteria utilized for the
SAS development. The pilots' comments during the test pro-
gram were highly favorable in regard to the damping provided
by the SAS in both the longitudinal and lateral-directional
axis. The flying qualities of the airplane were also improved
due to the addition of the hydraulically powered elevator and
rudder, which improved the control authority as well as im-
proving the preciseness of control input.

A summary checklist of the effect of the stability aug-
mentation system on flying qualities is given in Table 3.
This table depicts how each element of the new stability aug-
mentation system affected the flying qualities.

The increase in rudder power was accompanied with a re-
duction in pedal force gradient which significantly improved
the control harmony. The increase in elevator control power
throughout the flight envelope also provided a significant im-
provement in the flying qualities. The improvement in control
linearity also makes it possible to use more finesse in the land-
ing pattern and at touchdown. Manual refueling performance
is also improved because the pilot has a decreased tendency to
overcontrol.

The improvement in Mach buffet characteristics can be at-
tributed to two effects of the powered elevator; first, the ef-
fects of the tab feedback to the column has been eliminated
which reduces the column shake due to Mach buffet; and
second, the elevator deflection is maintained constant by the
actuator eliminating an elevator condition associated with the
present tab configuration which, in turn, causes a large g
influence due to Mach buffet. The flight test results showed
that the improved stability augmentation system would sig-
nificantly improve the airplane structural characteristics
(Ref. 1) and also enhance the airplane flying qualities.
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Simplified Design Equations for Buckling of Axially
Compressed Sandwich Cylinders with Orthotropic

Facings and Core

C. D. REESE* AND C. W.
University of Oklahoma, Norman, Okla.

In this paper, the linear theory for buckling of axially compressed orthotropic sandwich
cylinders presented in Ref. 1 is investigated in terms of various material parameters utilizing
a high-speed digital computer. Simplified design equations which approximate this theory
are then presented. The accuracy of these simplified design equations is compared with that
of the other available approximations using the analysis of Ref. 1 as a basis.

Nomenclature

a» = coefficients defined in Eqs. (2)
c = core depth
Dx,DyjDxy — flexural rigidities of orthotropic sandwich shell
DqX,Dqy = transverse shear rigidities of orthotropic core

material
Ex,Ey = Young's moduli of the facings in the x and y di-

rections
GXy = shear modulus of orthotropic facings
Gxz,Gyz = shear moduli of the core in the xz and yz planes
h = c + t
K = dimensionless buckling parameter
L = axial length of cylinder
m = mnr/L
mi = axial wave number
NX = axial force resultant
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N = -Nx
n = m/2R
n\ = circumferential wave number
R = radius of middle surface of cylinder
Sx,Sy,SXy = stretching rigidities of orthotropic sandwich shell
t = facing thickness
vxy,vyx = facing Poisson's ratios
<rcr = maximum fiber stress in facings at which buckling

occurs in a cylinder subject to axial compression

Subscripts
cr = used to indicate critical buckling
re = used to denote rigid core
x,y,z = coordinates on the cylinder middle surface in the

axial, circumferential, and normal directions,
respectively

1. Introduction

REFERENCE 1 presented a linear general-instability
analysis of an axially compressed sandwich cylindrical

shell having both facings and core of arbitrary orthotropy.
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SURFACE I

Fig. 1 Buckling surface for an axially compressed sand-
wich cylinder with orthotropic facings and core.

Previous linear analyses were for special cases only: isotropic
facings and core,2 isotropic facings and unidirectional core,2
isotropic facings and orthotropic core,3 and orthotropic fac-
ings and rigid core (Gxz~l = Gyz~L = O).4

The buckling analysis of Ref. 1 was based on the sandwich-
shell theory of Stein and Mayers,5 with an additional simplify-
ing assumption that the corresponding Poisson's ratios for
bending and extension are equal. Later Peterson6 presented a
buckling analysis based on Ref. 5, but without this simplify ing-
assumption. However, in practice, the effect of this simplify-
ing assumption is not restrictive.

Results were given in Ref. 1 for the set of material param-
eters corresponding to the test cylinders. In this paper, the
analysis of Ref. 1 is investigated in terms of various material
parameters using a computer. Simplified design equations are
presented to permit a designer to determine approximate
buckling stresses without the aid of a computer.

2. Linear Buckling Analysis

The critical buckling stress under uniform axial compres-
sion for a sandwich circular cylindrical shell having simply
supported edges and orthotropic facings and core can be ex-
pressed as follows.1

-cr = NOI/2t = (GO + CD
where

2(vyxDx

Equation (1) can be rewritten in terms of K, the theoretical
buckling coefficient, as

o-cr = (KExh/R)[l - vxyvvx

Combining Eqs. (1) and (5),

K = [(a, + al)R/(2tExh)](l -

(5)

(6)

Even though Eq. (6) could be minimized with respect to the
wave parameters mi and n1} a solution to the resulting equa-
tions is not apparent except in the axisymmetric case where
Wi = 0. One alternative method of solution is to calculate the
critical buckling coefficient for all practical integer combina-
tions of mi and HI. The lowest such value would then cor-
respond to the actual critical stress. Such a solution is
feasible only with the aid of a high-speed computer.

3. Discussion of Numerical Results

In order to determine the interaction between core and
facing shear flexibilities, a numerical analysis was undertaken
in which all of the parameters, except Gxy, Gxz, and Gyz were
held constant. In this analysis, the core shear moduli Gxz
and Gyz were kept at a constant ratio typical of honeycomb
core material. The fixed parameters corresponded to the
composite shells reported in Ref. 1 with the exception of shear
moduli. The fixed parameters used were as follows: Ex =
3,280,000 psi, Ey = 3,140,000 psi, vxy = 0.13, t = 0.02 in.,
R = 21.94 in., c = 0.30 in., L = 72 in., and Gyz/Gxz = 0.572.

The resulting values of the buckling coefficient K can be
depicted as a function of the dimensionless moduli ratios
EX/GXZ and Ex/Gxy by the three-dimensional surface shown in
Fig. 1. Figures 2 and 3 show various cutting planes through
the surface.

The surface shown in Fig. 1 consists of three distinct regions
or subsurfaces. These regions are as follows: surface 1,
axisymmetric facing mode of buckling; surface 2, axisym-
metric core shear buckling mode; and surface 3, nonsymmetric
facing buckling mode.

The axisymmetric facing buckling mode, shown as surface
1, can be found by setting n = 0 in Eq. (1). The resulting
equation can then be minimized with respect to the axial wave
parameter such that

_
2kR \1 —— VXyV

This agrees with the findings of Ref. 7 for the axisymmetric
case. Then Eq. (5) becomes

/ EXEV v/n
, V - vf*,J J

(vyxDx (2)
This mode of buckling is primarily a function of Ex and Ev,
and secondarily a function of Gxz.

a, = [(vxyDy) + (Dxy/2)]mn

a5 = Dqx + Dxm* + (Dxv/2)n2

a6 = Dqy + Dvn* + (Dxy/2)m2

The composite shell stiffnesses are calculated as follows:

Sx = 2tEX) Sy = 2tEy, Sxy — 2tGxy

DX = 7^/4(1 - VXyVyX), Dy = h*Sy/4(l - VXyVyX) (3)

DXy = k*SXy/2

and the core stiffnesses by the following expressions:

Dqx = Gxz(c + W/c, D9V = Gyz(c + ty/c (4)
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Fig. 2 Plot of buckling parameter K vs ratio of EX/GXZ'
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The axisymmetric core shear buckling mode, surface 2,
occurs when HI = 0 and mi becomes very large. ThenEq. (1)
reduces to the following:

= Dqx/2t = Gx,h*/2ct (9)

Equation (9) can be further simplified for a sandwich
cylinder with very thin facings by noting that c is approxi-
mately equal to h in that case. Then Eq. (9) becomes

(Tor = Gxzk/2t (10)

This is the same result as was reported in Ref. 8 for the case
in which buckling occurs by the faces sliding relative to one
another (crimping). As seen by Eqs. (9) and (10), the core
shear mode (crimping mode) is a function of only one ma-
terial property Gxz.

The nonsymmetric facing buckling mode is primarily a
function of Gxy and secondarily a function of Gxz. This is the
most complicated type of buckling and no simplifications of
the general solution are apparent. It is important to note
that this buckling mode cannot take place in shells with iso-
tropic facings, yet it is the most predominant buckling mode
in the case of facings of composite materials, since they
usually have high values of Ex/Gxy.

In the example used here, the line separating surfaces 1
and 2 is not obvious due to the smooth transition between
modes. For this case, it occurs at an EX/GXZ ratio of ap-
proximately 1100. For other choices of the material and
geometrical parameters, a more distinct transition might
occur.

Figure 2 shows various cuts through the buckling surface
parallel to the EX/GXZ axis. It is apparent from this figure
that any plane parallel to the EX/GXZ axis will reveal identical
curves for the axisymmetric modes (surfaces 1 and 2). This
corresponds to cuts 1 and 2 shown in Fig. 2. Although this
axisymmetric buckling line provides a bound on buckling, it
is an upper bound to the nonsymmetric mode and is of little
interest in this regard.

Cut 4 shown in Fig. 2 is based upon an actual set of material
and geometrical parameters and thus helps to give some in-
sight into the design aspects of the buckling surface. This
curve was calculated for the facing material of Ref. 1. It
shows the dependency of the buckling stress upon the core
shear modulus.

It can also be noted in Fig. 2 that the curves have a double
curvature in the axisymmetric facing (surface 1) and the non-
symmetric facing (surface 3) buckling regions. This char-
acteristic is probably due to different terms in Eqs. (1) and (2)
predominating for different ranges of Gxz.

Figure 3 shows the cuts through the surface parallel to the
Ex/Gxy axis. The axisymmetric regions (surfaces 1 and 2)
show up here as straight horizontal lines. Again this em-
phasizes the independence of Gxy in the axisymmetric regions.

4. Simplified Design Equations

Since the designer must normally make numerous calcula-
tions before arriving at the optimal design in terms of ma-
terial and geometrical parameters, a computer solution such
as used here is of little value except possibly to check the final
design. With this in mind, an attempt has been made to ap-
proximate this more complicated analysis with a set of design
equations which can be solved without the aid of a high-speed
computer.

It must be pointed out that the solution discussed here con-
siders generally instability only and the final design must also
be checked for column buckling and face dimpling or wrink-
ling. It is recommended that the designer follow the pro-
cedure outlined in Ref. 9, except that the equations presented
here should be substituted for the general instability portion
-of the analysis.

25 30 3510 15 20

RATIO Ex/Gxy

Fig. 3 Plot of buckling parameter K vs ratio of Ex/GXy

Allowing GX2 to become large in Eq. (7) results in the rigid-
core axisymmetric solution

(<r.,)re = (h/R)[ExEy/(l - *„,*„) I1/* (11)
Then Eq. (7) can be rewritten in the following form:

Since Eq. (11) was found from an axisymmetric solution, the
effect of facing shear is not present. Reference 4 presented a
rigid-core analysis for the nonsymmetric mode of buckling in
which the equation analogous to Eq. (11) was found to be

2t_
R

where <£ is given as $ = 1, or

X

=

whichever is smaller.
For a sandwich cylinder that has thin facings in comparison

with the core thickness, it can be shown by expanding the
radical that

_?L \(l + AV - (-?-YT2
(3 ) i / 2 LV 2*; V ^ y J(3)

Thus, Eqs. (13) and (11) are essentially the same for the axi-
symmetric case (<i> = 1). This suggests that if Eq. (13) is
combined with Eq. (12), the resulting solution would provide
a simple approximation which could be utilized in the non-
symmetric buckling region. Then

Since a simple solution is already available for the core
shear mode of buckling, Eq. (9), it is necessary only to deter-
mine which equation should be used for any particular set of
design parameters. By comparing Eqs. (9) and (12), a simple
criterion was found for determining which equation to use:
1) if the estimated stress given by Eq. (14) is less than one-
half of the rigid-core buckling stress, Eq. (13), then Eq. (9)
should be used for estimating the critical stress; 2) otherwise,
Eq. (14) gives the critical estimate.

To determine how good of an estimate the simplified method
suggested above provides, the critical stresses as calculated by
the simplified equation for several facing materials were com-
pared to the results of the improved theory, Eqs. (1) and (2),
using a computer. The best available analysis prior to this
time was provided by the rigid-core analysis of Ref. 4. The
results obtained by the rigid-core analysis were also compared
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Table 1 Comparison of error in estimates of
buckling coefficient for honey comb-core cylinders

with facings of 181-style cloth E-glass/epoxy

Facing properties (Ref. 1)
Ex = 3.28 X 106 psi Gxy = 0.416 X 106 psi
Ey = 3.14 X 106 psi vxy = 0.13

Critical stress

Ex/Gx,
3280
1640
1093
820
547
273.5
164.2
102.4
65.6
6.56

Linear
analysis
(Ref. 1),

psi

8540
17100
21269
22325
23591
24756
25089
25285
25406
25606

Present
Eqs. (9)

psi

8540
15977
19155
20744
22333
23922
24557
24915
25129
25472

estimate
and (14),
% error

0
6.6
9.9
7.1
5.3
3.4
2.1
1.5
1.0
0.5

Rigid-core analysis
Eq. (13),

psi % error

25510 -198.7
25510 -49.2
25510 -19.9
25510 -14.3
25510 -8.1
25510 -3.0
25510 -1.7
25510 -0.9
25510 -0.4
25510 0.4

Table 2 Comparison of error in estimates of
buckling coefficient for honey comb-core cylinders

with facings of unidirectional S-glass/epoxy
oriented in longitudinal direction

Facing properties (Ref. 11)
Ex = 8.4 X 106 psi Gxy = 0.9 X 106 psi
Ey = 1.8 X 106 psi vxy = 0.29

Critical stress
Linear

analysis Present estimate Rigid-core analysis
(Ref. 1), Eqs. (9) and (14), Eq. (13),

Ex/Gxz psi psi % error psi % error

8400
4200
933 . 3
420
262.5
168
84
16.8

8540
17080
38735
40611
41146
41451
41729
41956

8540
17080
35872
38951
39896
40463
40967
41370

0
0
7.4
4.1
3.0
2.4
1.8
1.4

41471
41471
41471
41471
41471
41471
41471
41471

-385.6
-142.8
-7.1
-2.1
-0.8
0
0.6
1.2

with the improved theory results. This information is tabu-
lated in Tables 1-7 for facings of epoxy reinforced with 181-
style E-glass cloth (cut 4 in Figs. 1 and 2), unidirectional S-
glass oriented longitudinally, unidirectional S-giass oriented
circumferentially, unidirectional boron oriented longitudi-
nally, unidirectional boron oriented circumferentially, uni-

Table 3 Comparison of error in estimate of
buckling coefficient for honey comb-core cylinders

with facings of unidirectional S-glass/epoxy
oriented in circumferential direction

Facing properties (Ref. 11)
Ex = 1.8 X 106 psi GXy = 0.9 X 106 psi
Ey = 8.4 X 106 psi vyx = 0.29

Critical stress
Linear

analysis Present estimate Rigid-core analysis
(Ref. 1), Eqs. (9) and (14), Eq. (13),

Ex/Gxz psi psi % error psi % error

1800
900
200
90
56.3
36
18
3.6

8540
17080
35379
38561
39693
40454
41168
41787

8540
17080
35872
38951
39896
40463
40967
41370

0
0

-1.4
-1.0
-0.5
0
0.5
1.0

41471
41471
41471
41471
41471
41471
41471
41471

-385.6
-142.8
-17.2
-7.5
-4.5
-2.5
-0.7
0.8

Table 4 Comparison of error in estimates of
buckling coefficient for honey comb-core cylinders

with facings of unidirectional boron/epoxy oriented
in longitudinal direction

Facing properties (Ref. 10)
Ex = 3.0 X 107 psi Gxy = 1.1 X 106 psi
Ey = 3.0 X 106 psi vxv = 0.38

Critical stress
Linear

analysis Present estimate Rigid-core analysis
(Ref. 1), Eqs. (9) and (14), Eq. (13),

Ex/Gxz psi psi % error psi % error

30000
15000
3333
1500
938
600
300
60

8540
17080
64202
64498
69418
69998
70531
70971

8540
17080
54610
63645
66417
68080
69559
70741

0
0
14.9
7.1
4.3
2.7
1.4
0.3

71037
71037
71037
71037
71037
71037
71037
71037

-731.8
-315.9
-10.6
-3.7
-2.3
-1.5
-0.7
-0.1

Table 5 Comparison of error in estimates of
buckling coefficient for honey comb-core cylinders

with facings of unidirectional boron/epoxy oriented
in the circumferential direction

Facing properties (Ref. 10)
Ex = 3.0 X 106 psi Gxy = 1.1 X 106 psi
Ey = 3.0 X 107 psi Vyx = 0.38

Critical stress
Linear

analysis Present estimate Rigid-core analysis
(Ref. 1), Eqs. (9) and (14), Eq. (13),

Ex/Gxz psi psi % error psi % error

3000
1500
333.3
150
93.8
60
30
6

8540
17080
50397
60294
64361
67162
68977
70649

8540
17080
54610
63645
66417
68080
69559
70741

0
0

-8.4
-5.6
-3.2
-1.4
-0.8
-0.1

71037
71037
71037
71037
71037
71037
71037
71037

-731.8
-315.9
-41.0
-17.8
-10.4
-5.8
-3.0
-0.5

directional Thornel oriented longitudinally, and unidirec-
tional Thornel oriented circumferentially. The geometric
parameters used were the same as used before.

The negative values shown in the tables indicate an uncon-
servative error, whereas positive values represent conserva-

Table 6 Comparison of error in estimates of
coefficient for honey comb-core cylinders with
facings of unidirectional Thornel0 40/828-1031

epoxy oriented in longitudinal direction

Facing properties (Ref. 12)
Ez = 24.0 X 106 psi Gxy = 0.85 X 106 psi
Ey = 0.89 X 106 psi Vxy = 0.39

Critical stress
Linear

analysis Present estimate Rigid-core analysis

Ex/Gxz
24000
12000
2667
1200
750
480
240
48

(Ref. 1),
psi

8540
17080
40486
42017
42535
42858
43154
43362

Eqs. (9) and (14),
psi % error

8540
17080
36628
39863
40856
41451
41981
42404

0
0
9.5
5.1
3.9
3.3
2.7
2.2

Eq. (13),
psi % error

42510
42510
42510
42510
42510
42510
42510
42510

-397.8
-148.9
-5.0
-1.2
0.1
0.8
1.5
2.0

a Thornel is a registered trademark of Union Carbide Corporation for
graphite yarn.
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Table 7 Comparison of error in estimate of
buckling coefficient for honey comb-core cylinders
with facings of unidirectional Thornel" 40/828-1031

epoxy oriented in circumferential direction

Facing properties (Ref. 12)
Ex = 0.89 X 106 psi Gxy = 0.85 X 106 psi
Eu = 24.0 X 106 psi Vyx = 0.39

Critical stress
Linear

analysis Present estimate Rigid-core analysis
.), Eqs. (9) and (14), Eq. (13),

psi psi % error psi % error

890.0
445.0
98.9
44.5
27.8
15.1
8.9
1.51

8540
17080
31420
36760
38663
40037
41500
42888

8540
17080
36628
39863
40856
41451
41981
42404

0
0

-16.6
-8.4
-5.7
-3.5
-1.2
1.1

42510
42510
42510
42510
42510
42510
42510
42510

-397.8
-148.9
-35.3
-15.6
-10.0
-6.2
-2.4
0.9

a Thornel is a registered trademark of Union Carbide Corporation for
graphite yarn.

tive variations. As expected, the rigid-core analysis is nor-
mally unconservative. In those few cases where it is unconser-
vative, Tables 3, 5, and 7, it is considerably closer than the
rigid-core analysis. All of the points in the tables are for
values in the nonsymmetric mode and the axisymmetric core
shear mode regions. There was no necessity to calculate data
for the axisymmetric facing buckling mode, since the equa-
tions compared here must agree in this area due to the bases
of the formulation.

5. Conclusion

Although no attempt is made to imply that the approxima-
tion presented in this paper is as accurate as the improved
analysis of Ref. 1, the approximation is of a simple enough
form that many design parameters can be varied without
excessive computation. Even when a computer is readily

available for solving Eqs. (1) and (2), it would appear to be
more feasible economically to use the approximate analysis
presented here for all preliminary design computations and
to use the exact analysis only for a final design check.
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